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Abstract 

The notion of a (metric) modular on an arbitrary set and the correspond- 
ing modular space, more general than a metric space, were introduced and 
studied recently by the author [V. V. Chistyakov, Metric modulars and their 
application, Dokl. Math. 73 (1) (2006) 32-35, and Modular metric spaces, 
I: Basic concepts. Nonlinear Anal. 72(1) (2010) 1-14]. In this paper we es- 
tablish a fixed point theorem for contractive maps in modular spaces. It 
is related to contracting rather "generalized average velocities" than metric 
distances, and the successive approximations of fixed points converge to the 
fixed points in a weaker sense as compared to the metric convergence. 
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1. Introduction 

The metric fixed point theory 

(0 

, [l8[) and its variations ([lij) are far- 
reaching developments of Banach's Contraction Principle, where metric con- 
ditions on the underlying space and maps under consideration play a funda- 
mental role. This paper addresses fixed points of nonlinear maps in modular 
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spaces introduced recently by the author Q3|-|1C|) as generahzations of Or- 
hcz spaces and classical modular spaces (jlil. |20|. j22[-27|), where modular 
structures (involving nonlinearities with more rapid growth than power-like 
functions), play the crucial role. Under different contractive assumptions 
and the supplementary A2-condition on modulars fixed point theorems in 
classical modular linear spaces were estabhshed in (ll. [igI. \ . 

We begin with a certain motivation of the definition of a (metric) modular, 
introduced axiomatically in 0, loj . A simple and natural way to do it is to 
turn to physical interpretations. Informally speaking, whereas a metric on a 
set represents nonnegative finite distances between any two points of the set, 
a modular on a set attributes a nonnegative (possibly, infinite valued) "field 
of (generalized) velocities": to each "time" A>0 (the absolute value of) an 
average velocity wx{x,y) is associated in such a way that in order to cover 
the "distance" between points x,y & X it takes time A to move from x to y 
with velocity w\{x,y). Let us comment on this in more detail by exhibiting 
an appropriate example. If d{x, y) > is the distance from x to y and a 
number A > is interpreted as time, then the value 

wx{x,y) = — - — (1.1) 

is the average velocity, with which one should move from x to y during time 
A, in order to cover the distance d{x,y). The following properties of the 
quantity from (11. ip are quite natural. 

(i) Two points x and y from X coincide (and d{x, y) = 0) if and only if 
any time A > will do to move from x to y with velocity wx{x, y) = (i.e., 
no movement is needed at any time). Formally, given x,y & X, we have: 

X = y iS w\{x,y) = for all A > (nondegeneracy) , (1.2) 

where 'iff' means as usual 'if and only if. 

(ii) Assuming the distance function to be symmetric, d{x,y) = d{y,x), 
we find that for any time A > the average velocity during the movement 
from X to y is the same as the average velocity in the opposite direction, i.e., 
for any x,y & X we have: 

wx{x,y) =wx{y,x) for all A > (symmetry). (1.3) 

(iii) The third property of (11. ip . which is, in a sense, a counterpart of 
the triangle inequality (for velocities!), is the most important. Suppose the 
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movement from x to y happens to be made in two different ways, but the 
duration of time is the same in each case: (a) passing through a third point 
z E X, or (b) straightforward from x to y. If A is the time needed to 
get from x to z and is the time needed to get from z to y, then the 
corresponding average velocities are w\{x,z) (during the movement from x 
to z) and Wfj,{z, y) (during the movement from z to y). The total time needed 
for the movement in the case (a) is equal to A + /i. Thus, in order to move 
from X to y as in the case (b) one has to have the average velocity equal to 
wx+^{x,y). Since (as a rule) the straightforward distance d{x,y) does not 
exceed the sum of the distances d{x,z) + d{z,y), it becomes clear from the 
physical intuition that the velocity w\j^^{x,y) does not exceed at least one 
of the velocities w\{x,z) or w^{z,y). Formally, this is expressed as 

wx+f^{x, y) < max{wx{x, z), Wf,{z, y)} < wx{x, z) + Wf,{z, y) (1.4) 

for all points x,y,z G X and all times A,/i > ("triangle" inequality). In 
fact, these inequalities can be verified rigorously: if, on the contrary, we as- 
sume that wx{x, z) < wx+fj.{x, y) and w^(-2, y) < wx+fj,{x, y), then multiplying 
the first inequality by A, the second inequality — by /i, summing the results 
and taking into account (11.11) . we find d{x, z) = \wx{x, z) < \wx+ii{x, y) and 
d{z,y) = ^w^{z,y) < fiWx+f_i{x,y), and it follows that d{x,z) + d{z,y) < 
(A + fi)wx+^{x,y) = d{x,y), which contradicts the triangle inequality for d. 

Inequality (11. 4p can be obtained in a little bit more general situation. 
Let / : (0, oo) — )■ (0, oo) be a function from the set of positive reals into 
itself such that the function A t-> A//(A) is nonincreasing on (0, oo). Setting 
wx{.x,y) = d{x,y)/f{X) (note that /(A) = A in (11.11) ). we have 

^ d{x,y) ^ d{x,z) + d{z,y) ^ A d{x,z) /i d{z,y) ^ 
wx+,[x,y) f^^^^^ - x+^,^ f{\) +A+/i'/(/i) - 

< T— — wx{x,z) + —^Wf,{z,y) <wx{x,z) + Wf,{z,y). (1.5) 

A nonclassical example of "generalized velocities" satisfying fll.2p - fll.4l) 
is given by: Wx{x,y) = oo if A < d{x,y), and wx{x,y) = if A > d{x,y). 

A [metric) modular on a set X is any one-parameter family w = {wx}x>o 
of functions wx '■ X x X [0,oo] satisfying (ll.2p -f lL^ . In particular, 
the family given by (II. ip is the canonical (= natural) modular on a metric 
space {X, d), which can be interpreted as a field of average velocities. For a 
different interpretation of modulars related to the joint generalized variation 
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of univariate maps and their relationships with classical modulars on linear 
spaces we refer to jof (cf. also Section H]). 

The difference between a metric (= distance function) and a modular on 
a set is now clearly seen: a modular depends on a positive parameter and 
may assume infinite values; the latter property means that it is impossible 
(or prohibited) to move from a; to ?/ in time A, unless one moves with infinite 
velocity w\{x,y) = oo. In addition (cf. f ll.ip ). the "velocity" w\{x,y) is 
nonincreasing as a function of "time" A > 0. The knowledge of "average 
velocities" w\{x,y) for all A > and x,y E X provides more information 
than simply the knowledge of distances d{x, y) between x and y: the distance 
d{x,y) can be recovered as a "limit case" via the formula (again cf. fll.ip ): 

d{x,y) = inf{A > : Wx{x,y) < 1}. 

Now we describe briefly the main result of this paper. Given a modular 
w on a set X, we introduce the modular space X^ = X^(xo) around a point 
Xo G X as the set of those x G X, for which w\{x,xq) is finite for some 
A = A(x) > 0. A map T : X^ — )■ X^ is said to be modular contractive if 
there exists a constant < k < 1 such that for all small enough A > and all 
x,y E we have Wk\iTx,Ty) < wx{x,y). Our main result (Theorem 15.31) 
asserts that if w is convex and strict, X^ is modular complete (the emphasized 
notions will be introduced in the main text below) and T : X^ — X^ is 
modular contractive, then T admits a (unique) fixed point: Tx^ = for 
some X* G X^. The successive approximations of x* constructed in the proof 
of this result converge to x* in the modular sense, which is weaker than the 
metric convergence. In particular, Banach's Contraction Principle follows if 
we take into account fll.lj) . 

This paper is organized as follows. In Section [2] we study modulars and 
convex modulars and introduce two modular spaces. In Section [3] we intro- 
duce the notions of modular convergence, modular limit and modular com- 
pleteness and show that they are "weaker" than the corresponding metric 
notions. These notions are illustrated in Section H] by examples. Section |5] is 
devoted to a fixed point theorem for modular contractions in modular com- 
plete modular metric spaces. This theorem is then applied in Section to the 
existence of solutions of a Caratheodory-type ordinary differential equation 
with the right-hand side from the Orlicz space L*^. Finally, in Section [7] some 
concluding remarks are presented. 
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2. Modulars and modular spaces 



In what follows X is a nonempty set, A > is understood in the sense 
that A G (0, oo) and, in view of the disparity of the arguments, functions 
w : (0, oo) X X X X — !■ [0, oo] will be also written as wx{x, y) = w{X, x, y) for 
all A > and x, y E X, so that w = {wa}a>o with wx : X x X ^ [0, oo]. 

Definition 2.1 (0, A function it; : (0, oo) x X x X [0, oo] is said to 
be a (metric) modular on X if it satisfies the following three conditions: 

(i) given x, y E X, x = y iS wx{x, y) = for all A > 0; 

(ii) Wx{x, y) = Wx{y, x) for all A > and x, y E X; 

(iii) wx+^{x, y) < wx{x, z) + w^iy, z) for all A, /i > and x, y, z E X. 
If, instead of (i), the function w satisfies only 

(i') Wx{x, x) = for all A > and x E X, 
then w is said to be a pseudomodular on X, and if w satisfies (i') and 

(is) given x,y E X, if there exists a number A > 0, possibly depending 
on X and y, such that wx{x, y) = 0, then x = y, 
the function w is called a strict modular on X. 

A modular (pseudomodular, strict modular) w on X is said to be convex 
if, instead if (iii), for all A, /i > and x,y,z E X it satisfies the inequality 

(iv) wx+^,ix, y) < wx{x, z) + -y— w^(?/, z). 

A motivation of the notion of convexity for modulars, which may look 
unexpected at first glance, was given in [9|, Theorem 3.11], cf. also inequality 
(11.51) : a further generalization of this notion was presented in Section 5]. 

Given a metric space (X, d) with metric d, two canonical strict modulars 
are associated with it: wx{x,y) = d{x,y) (denoted simply by d), which is 
independent of the first argument A and is a (nonconvex) modular on X in 
the sense of (i)-(iii), and the convex modular f ll.ip . which satisfies (i), (ii) 
and (iv). Both modulars d and fll.ip assume only finite values on X. 

Clearly, if w is a strict modular, then w is a modular, which in turn implies 
w is a pseudomodular on X, and similar implications hold for convex w. 

The essential property of a pseudomodular w on X (cf. 0, Section 2.3]) 
is that, for any given x,y E X, the function < A i— i- Wx{x,y) E [0, oo] is 
nonincreasing on (0, oo), and so, the limit from the right Wx+o{x,y) and the 
limit from the left wx-o{x,y) exist in [0, oo] and satisfy the inequalities: 

wx+oix, y) < wxix, y) < wx-q{x, y). (2.1) 
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A convex pseudomodular w on X has the following additional property: 
given x,y G X, we have (cf. [ol, Section 3.5]): 

if < /i < A, then wx{x,y) < jw^{x,y) < Wf,{x,y), (2.2) 

i.e., functions A i— )■ wx{x, y) and A i— )■ Xwx{x, y) are nonincresing on (0, oo). 
Throughout the paper we fix an element Xq € X arbitrarily. 

Definition 2.2 (|0, [^). Given a pseudomodular w on X, the two sets 

= X^(xo) = {x G X : WA(a;, Xq) — )■ as A — t- cxo} 

and 

Xj^ = X^(xo) = {x G X : 3 A = A(x) > such that wx{x, xq) < oo} 

are said to be modular spaces (around xq). 

It is clear that X^ C X^, and it is known (cf. [oLSections 3.1,3.2]) that 
this inclusion is proper in general. It follows from |9|, Theorem 2.6] that if 
w is a modular on X, then the modular space X^ can be equipped with a 
(nontrivial) metric d^, generated by w and given by 

dw{x, y) = inf{X > : wx{x,y) < X}, x, y e X^. (2.3) 

It will be shown later that d^ is a well defined metric on a larger set X^. 

If is a convex modular on X, then according to [i]. Section 3.5 and 
Theorem 3.6] the two modular spaces coincide, Xy^ = X^, and this common 
set can be endowed with a metric d^, given by 

d;(x, y) = inf {A > : Wxix, y) < 1}, x, y G X;; (2.4) 

moreover, d^^ is specifically equivalent to d^ (see 0, Theorem 3.9]). By the 
convexity of w, the function wx{x,y) = Xwx{x,y) is a modular on X in the 
sense of (i)-(iii) and (cf. jol, formula (3.3)]) 

X^ = X^ = X^ D Xq, (2.5) 

where the last inclusion may be proper; moreover, d^ = c?^ on X^p. 
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Even if w is a nonconvex modular on X, the quantity (12. 4p is also de- 
fined for all x,y G X^, but it has only few properties (cf. [9|, Theorem 3.6]): 
dl;{x,x) = and d*^{x,y) = dl^{y,x). In this case we have (cf. joi Theo- 
rem 3.9 and Example 3.10]): if dw{x,y) < 1, then d*^{x,y) < dw{x,y), and if 
dl{x,y) > 1, then dyj{x,y) < dl{x,y). 

Let us illustrate the above in the case of a metric space (X, d) with the 
two canonical modulars d and w from (11. ip on it. We have: Xd = {xo} C 
X^ = X^ = X* = X , and given x,y e X, dd{x,y) = d{x,y), d*^{x,y) = 0, 
dn,{x,y) = ^Jd{x,y), dl{x,y) = d{x,y) and d{x,y) = \wx{x,y) = d{x,y). 
Thus, the convex modular w from (II. ip plays a more adequate role in restor- 
ing the metric space {X, d) from w (cf. d*^ = d on X^ = X^ = X, whereas 
Xd C X^ = X , dd = d and d^ = 0), and so, in what follows any metric 
space {X,d) will be considered equipped only with the modular ( 11. ip . This 
convention is also justified as follows. 

Now we exhibit the relationship between convex and nonconvex modulars 
and show that d^, is a well defined metric on X^ (and not only on X^). If 
w is a. (not necessarily convex) modular on X, then the function (cf. (Il.ip 
where d{x, y) plays the role of a modular) 

wx{x,y) 

vx[x, y) = , A > 0, x,y e X, 

is always a convex modular on X. In fact, conditions (i) and (ii) are clear 
for V and, as for (iv), we have, by virtue of (iii) for w: 

wx+^{x,y) wx{x,z)+w^{y,z) _ 

Vx+fi[X,y — r— ^ r— — 

A + jJ, A + jJ 

A wx{x,z) fi w^{y,z) A / n , / n 

- +TT~: : — = TT~:^A(x,^) + YT-:^M(2/'^)• 



A+/i A A+/i /i A+/i A+/i 

Moreover, because w = v, me find from (12. 5p that X^ C = X^ = X*. 
Since (i*(a;, y) = inf{A > : wx{x, y)/X < 1} = dw{x, y) for all x,y E X^, i.e., 
= dw on X^, and dl is a metric on X* = X^, then we conclude that d^^ is 
a well defined metric on X^ (the same conclusion follows immediately from 
js]. Theorem 1]) with X' = X^). This property distinguishes our theory of 
modulars from the classical theory: if p is a classical modular on a linear space 
X in the sense of Musielak and Orhcz {^^) and wx{x, y) = p{{x — y)/ \), A >0, 
x,y E X, then the expression vx{x,y) = {1/ X)wx{x,y) = (1/A)p((x — y)/X) 
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is not allowed as a classical modular on X. Since v is convex and (i* = 
on X^, given x,y E X^, by virtue of jo], Theorem 3.9], we have: 

dyj{x,y) < 1 iff d^{x,y) < 1, and dy,{x,y) < d^{x,y) < ^/dJ^c~y)] 

dw{x,y) > 1 iff dy{x,y) > 1, and ^Jdy,{x,y) < d^{x,y) <d^{x,y). 

More metrics can be defined on X^ for a given modular w on X in the 
following general way (cf. j^, Theorem 1]): if M"*" = [0, cxd) and k : M"*" — )■ M"*" 
is superadditive (i.e., k(A) + ^(/i) < fi;(A + fi) for all A,yU > 0) and such 
that K,{u) > for M > and k(+0) = lim„^-|.o ^(w) = 0, then the function 
dK,w{x,y) = inf{A > : wx{x,y) < k(A)} is a well defined metric on X^. 

Given a pseudomodular (modular, strict modular, convex or not) w on 
X, A > and x,y G X, we define the left and right regularizations of w by 

w^A (3^' 2/) = ^A-o(a;, y) and w;;^(x, y) = wx+oix, y). 

Since, by ([211]), ^ wx{x,y) < w^{x,y), and 

^^'^2(3;,?/) < u^A(a;,2/) < w+ (a;,?/) for all < Ai < A < A2, (2.6) 

it is a routine matter to verify that w~ and are pseudomodulars (modu- 
lars, strict modulars, convex or not, respectively) on X, X^- = = X^+, 
X^_ = X; = X;+, d^- =du, = d^+ on X^ and ci;_ = < = on X;^. For 
instance, let us check the last two equalities for metrics. Given x,y E X^, 
by virtue of (12. ip . we find d*^^{x,y) > dlj{x,y) > d^+{x,y). In order to see 
that d^^{x,y) < d*^{x,y), we let A > d*^{x,y) be arbitrary, choose /i such 
that dl{x,y) < /i < A, which, by ([2J]), gives w^{x,y) < w^{x,y) < 1, 
and so, d*^_{x,y) < A, and then let A — )■ d*^{x,y). In order to prove that 
dl^{x,y) < dl^+{x,y), we let A > c/^+(x,?/) be arbitrary, choose /i such that 
d*^+{x^y) < /i < A, which, by (12. 6p . implies w\{x,y) < w^{x,y) < 1, and so, 
d*^{x,y) < A, and then let A — )■ d*^+{x^y). 

In this way we have seen that the regularizations provide no new modular 
spaces as compared to X^, and Xj^ and no new metrics as compared to 
du, and d*^. The right regularization will be needed in Section [5] for the 
characterization of metric Lipschitz maps in terms of underlying modulars. 

3. Sequences in modular spaces and modular convergence 

The notions of modular convergence, modular limit, modular complete- 
ness, etc., which we study in this section, are known in the classical theory of 
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modulars on linear spaces (e.g., 20|, l22|, l25|, |27|). Since the theory of (metric) 



modulars from [3]- 10 1 is significantly more general than the classical the- 
ory, the notions mentioned above do not carry over to metric modulars in a 
straightforward way and ought to be reintroduced and justified. 

Definition 3.1. Given a pseudomodular w on X, a sequence of elements 
{Xn} = {Xn}'^=i from or X^ is said to be modular convergent (more 
precisely, w-convergent) to an element x E X if there exists a number A > 0, 
possibly depending on {x„} and x, such that limn^oo w\{xn,x) = 0. This 
will be written briefly as x„ — )■ x (as n — t- oo), and any such element x will 
be called a modular limit of the sequence {xn}- 

Note that if lim„_j.oo u!x{xn, x) = 0, then by virtue of the monotonicity of 
the function A' W\'{xn,x), we have: lim„_>.oo w^(a;„, x) = for all /i > A. 

It is clear for a metric space (X, d) and the modular (11. ip on it that the 
metric convergence and the modular convergence in X coincide. 

We are going to show that the modular convergence is much weaker than 
the metric convergence (in the sense to be made more precise below). First, 
we study to what extent the above definition is correct, and what is the 
relationship between the modular and metric convergences in X^ and X^. 

Theorem 3.1. Let w be a pseudomodular on X . We have: 

(a) the modular spaces and X^ are closed with respect to the modular 
convergence, i.e., if {xn} C X^ {or X^), x E X and Xn -> x, then x G 
(or a; e X^, respectively); 

(b) if w is a strict modular on X , then the modular limit is determined 
uniquely {if it exists). 

Proof, (a) Since x„ ^ x, there exists a Aq = Xo{{xn},x) > such that 
w\g{xn,x) — )■ as n — )■ oo. 

1. First we treat the case when C X^. Let e > be arbitrarily 

fixed. Then there is an hq = no{e) G N such that wxg{xno,x) < e/2. Since 
Xno G X^ = X^(xo), we have wx{xno,Xo) — )■ as A — )■ oo, and so, there exists 
a Ai = Ai(£:) > such that w\j^{xno,xo) < e/2. Then conditions (iii) and (ii) 
from Definition 12.11 imply 

WXa+Xi{x,Xo) < WXo{x,Xno) + WAi (^o, X„J < E. 
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The function A wx{x,Xo) is nonincreasing on (0, oo), and so, 

wx{x, xq) < wxo+Xi {x, xo) < e for all A > Aq + Ai, 

implying W\{x, Xq) -^^ as A — )■ oo, i.e., x G Xw 

2. Now suppose that {xn} C X^. Then there exists an riQ G N such 
that w\^{xn(,,x) < 1. Since x„q G = X^(a;o), there is a Ai > such that 
wx^^Xno^Xo) < oo. Now it follows from conditions (iii) and (ii) that 

WAo+Ai (X, Xo) < WXo{x,Xno) + Wx^{xQ,Xno) < OO, 

and so, x G X^. 

(b) Let {xn} C Xt„ or X^ and x, y G X be such that x„ ^ x and x„ y. 
By the definition of the modular convergence, there exist A = A({x„}, x) > 
and /i = /i({x„},?/) > such that wa(x„,x) — )■ and w^(x„,y) — as 
n — )■ oo. By conditions (iii) and (ii), 

wx+t,{x,y) <wx{x,Xn) + w^{y,Xn) ^ ^ as n^oo. 

It follows that wx+^{x,y) = 0, and so, by condition (ig) from Definition 12. ![ 
we get X = y. □ 

It was shown in [9, Theorem 2.13] that if w is a modular on X, then for 
{xn} C Xyj and x G X^ we have: 

lim (i^(xri,x) = iff lim wx{xn,x) = for all A > 0. (3.1) 

n— >oo n—^oo 

and so, the metric convergence (with respect to the metric rf^) implies the 
modular convergence (cf. Definition 13. ip . but not vice versa in general. As 
the proof of j^. Theorem 2.13] suggests, (13.11) is also true for {x„} C X^ and 
X G X^. An assertion similar to (13. ip holds for Cauchy sequences from the 
modular spaces X^ and X^. 

Now we establish a result similar to (13. ip for convex modulars. 

Theorem 3.2. Let w be a convex modular on X. Given a sequence {x„} 
from ( = X^,) and an element x G X^, we have: 

lim (i^(x„,x) = ijf lim wx{xn,x) = for all A > 0. 
A similar assertion holds for Cauchy sequences with respect to d'^ . 
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Proof. Step 1. Sufficiency. Given e > 0, by the assumption, there exists 
a number riQ^e) G M such that We{xn,x) < 1 for all n > riQ^e), and so, the 
definition (12 ■4p of d*^ implies (i^(x„,a;) < e for all n > no{e). 

Necessity. First, suppose that < A < 1. Given e > 0, we have: either 
(a) £ < A, or (b) e > X. In case (a), by the assumption, there is an noi^e) G N 
such that dlj{xn,x) < for all n > riQ^e), and so, by the definition of d*^, 
Ws2{xn,x) < 1 for all n > riQ^e). Since < A^ < A and e < X, inequality 
dig) yields: 

6^ e 
wx{xn,x) < —Wi;2(xn,x) < —E < E for all n > no(e). 
X X 

In case (b) we set ni{e) = no{X/2), where %(■) is as above. Then, as we 
have just established, wx{xn, x) < X/2 < e/2 < e for all n > ni{e). 

Now, assume that A > 1. Again, given e > 0, we have: either (a) e < X, 
or (b) £ > A. In case (a) there is an A^o(^) ^ N such that d^^^Xn, x) < e for all 
n > No{e), and so, We{xn,x) < 1 for all n > No{e). Since e < X and A > 1, 
by virtue of (12. 2p . we find 

Wx{xn,x) < ^ Wi;{xn,x) < ^ < ^ for all n> NqIe). 
X X 

In case (b) we put Ni{e) = Nq{X/2), where No{-) is as above. Then it follows 
that wxixn.x) < A/2 < e/2 < e for all n > A^i(£:). 

Thus, we have shown that wx{xn, x) — )■ as n — )■ oo for all A > 0. 

Step 2. The assertion for Cauchy sequences is of the form: 

lim d*^{xn,Xm) = iff lim wx{xn,Xm) = for all A > 0; 

its proof is similar to the one given in Step 1 with suitable modifications. □ 

Theorem 13.21 shows, in particular, that in a metric space (X, d) with 
modular (11.11) on it the metric and modular convergences are equivalent. 

Definition 3.2. A pseudomodular w on X is said to satisfy the (sequential) 
^2-condition (on X^) if the following condition holds: given a sequence 
{xn\ C and x G X^, if there exists a number A > 0, possibly depending 
on {xn} and x, such that lim„_^oo wx{xm x) = 0, then lim„_>.oo wx/2{xn, = 0. 

A similar definition applies with X^ replaced by X^. 
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In the case of a metric space (X, d) the modular fll.ip clearly satisfies the 
A2-condition on X. 

The following important observation, which generalizes the corresponding 
result from the theory of classical modulars on linear spaces (cf. (221 . 1, 5. 2. IV]), 
provides a criterion for the metric and modular convergences to coincide. 

Theorem 3.3. Given a modular w on X , we have: the metric conver- 
gence on X^ {with respect to d^ if w is arbitrary, and with respect to d*^ 
if w is convex) coincides with the modular convergence iff' w satisfies the 
A2-condition on X^. 

Proof. Let C X^ and x G X^ be given. We know from (13.1 p and 

Theorem 13 . 2 1 that the metric convergence (with respect to d^ if w is a modular 
or with respect to o?^ if w is a convex modular) of x„ to x is equivalent to 

lim wx{xn,x) = for all A > 0. (3.2) 

n—>-oo 

(^) Suppose that the metric convergence coincides with the modular 
convergence on X^. If there exists a Aq > such that wxo{xn,x) — )■ as 
n — 7- oo, then x„ is modular convergent to x, and so, x„ converges to x 
in metric {d^ or c?^). It follows that (13. 2p holds implying, in particular, 
u!\f^/2{xn,x) — )■ as n — > oo, and so, w satisfies the A2-condition. 

(<^=) By virtue of (13. 2p . the metric convergence on X^ always implies 
the modular convergence, and so, it suffices to verify the converse assertion, 
namely: if x„ — )• x, then (13. 2p holds. In fact, if x„ — )■ x, then wxg{xn,x) — )■ 
as n — > oo for some constant Aq = Ao({a;„}, x) > 0. The A2-condition implies 
wxo/2{xn,x) — >■ as n ^ oo, and so, the induction yields Wxg/23{xn,x) — )■ 
as n — )■ oo for all j e N. Now, given A > 0, there exists a j = j(A) e N such 
that A > \q/2K By the monotonicity of A t-)- wx{xn, x), we have: 

Wx{Xn-,x) <WXf^/2i{Xn-,x) ^ Q aS U^OO. 

By the arbitrariness of A > 0, condition (13. 2p follows. □ 

Definition 3.3. Given a modular w on X, a sequence C is said to 
be modular Cauchy (or w-Cauchy) if there exists a number A = A({x„}) > 
such that Wx{xn,Xm) — )■ as n, m — )■ oo, i.e., 

W e > 3no{e) G N such that Wn > no{e), m > uq^e): wx{xn,Xm) < £■ 
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It follows from Theorem 13.21 (Step 2 in its proof) and Definition 13.31 that 
a sequence from X^, which is Cauchy in metric or c?^, is modular Cauchy. 

Note that a modular convergent sequence is modular Cauchy. In fact, 
if Xn — )■ X, then wx{xn,x) — as n — )■ oo for some A > 0, and so, for 
each e > there exists an no{e) G N such that wx{xn,x) < e/2 for all 
n > no{e). It follows from (iii) that if n,m > no{e), then W2\{xn,Xm) < 
wx{xn,x) + wx{xm,x) < E, which implies that is modular Cauchy. 

The following definition will play an important role below. 

Definition 3.4. Given a modular w on X, the modular space X^ is said to 
be modular complete (or w-complete) if each modular Cauchy sequence from 
X^ is modular convergent in the following (more precise) sense: if {xn} C X^ 
and there exists a A = A({a;„}) > such that lim„^m-i>oo wx^Xn, Xm) = 0, then 
there exists an x G such that limn^aoWx{xn,x) = 0. 

The notions of modular convergence, modular limit and modular com- 
pleteness, introduced above, are illustrated by examples in the next section. 
It is clear from (11. ip that for a metric space {X, d) these notions coincide 
with respective notions in the metric space setting. 

4. Examples of metric and modular convergences 

We begin with recalling certain properties of (/^-functions and convex func- 
tions on the set of all nonnegative reals = [0, oo). 

A function : — t- M+ is said to be a ip -function if it is continuous, 
nondecreasing, unbounded (and so, f{oo) = lim^j^oo V^(m) = oo) and assumes 
the value zero only at zero: ip{u) = iff m = 0. 

If <f : — )• is a convex function such that (f{u) = iff m = 0, then it 
is (automatically) continuous, strictly increasing and unbounded, and so, it is 
a convex (/^-function. Also, ip is superadditive: ip{ui) +ip{u2) < ip{ui + U2) for 
all Ui,U2 E (cf. [iqI, Section I.l]). Moreover, ip admits the inverse function 
ifi^^ : —7- M+, which is continuous, strictly increasing, ip~^{u) = iff m = 0, 
ip^^{oo) = oo, and which is subadditive: ip~^{ui + U2) < ip~^{ui) + ip~^{u2) 
for all ui,U2 G M"*". The function ip is said to satisfy the IS.2- condition at 
infinity (cf. [19, Section 1.4]) if there exist constants i^' > and uo > such 
that ip{2u) < Kip{u) for all u > uq. 

Let the triple (M, rf, +) be a metric semigroup, i.e., the pair (M, d) 
is a metric space with metric d, the pair (M, +) is an Abelian semigroup 
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with respect to the operation of addition +, and d is translation invariant in 
the sense that d{p + r,q + r) = d{p, q) for all p,q,r & M. Any normed linear 
space (M, | ■ |) is a metric semigroup with the induced metric d{p, q) = \p — q\, 
p,q & M, and the addition operation + from M. If i^' C M is a convex cone 
(i.e., p + q, Xp E K whenever p,q E K and A > 0), then the triple {K, d, +) 
is also a metric se mig roup. A nontrivial example of a metric semigroup is 
as follows (cf. [l^, 26|). Let (y, | ■ |) be a real normed space and M be the 



family of all nonempty closed bounded convex subsets of Y equipped with the 
Hausdorff metric d given by d{P, Q) =max{e(P, Q), e((5, -P)}, where P,QeM 
and e(P, Q) = sup^gpinf^gg \p — ll- Given P,Qe M, we define P © Q as 
the closure in Y of the Minkowski sum P + Q = {p + q : p E P,q E Q}. 
Then the triple (M, d, ©) is a metric semigroup (actually, M is an abstract 
convex cone). For more information on metric semigroups and their special 
cases, abstract convex cones, including examples we refer to j^, [g], 0, [lO] and 
references therein. 

Given a closed interval [a, 6] C M with a < b, we denote by X = Af '"'^1 
the set of all mappings x : [a, b] — M. If is a convex (/^-function on M"*", we 
define a function w : (0, oo) x X x X — )• [0, oo] for all A > and x,y E X hy 
(note that w depends on ip) 



^ f d{x{ti) +y(ti_i),x{ti_i) + y{ti))\ 
w,ix, y) = sup ^ ^ ^ X.iU-U_,) P'^- 



(4.1) 



where the supremum is taken over all partitions vr = of the interval 

[a, 6], i.e., m G N and a = to < < ^2 < • • • < tm-i <tm = b. It was shown 
in p. Sections 3, 4] that w is a, convex pseudoniodular on X. Thus, given 
Xo G M, the modular space X^ = X^(xo) (here Xq denotes also the constant 
mapping XQ{t) = xq for all t e [a, 6]), which was denoted in (3.20) and 
Section 4.1] by GV^([a,6];M) and called the space of mappings of bounded 
generalized if -variation, is well defined and, by the translation invariance of 
d on M, we have: x G X^ = GY^{[a, b]; M) iff x : [a, 6] — )■ M and there exists 
a constant A = A(x) > such that 

w^{x, xo) = sup ^ ^ f ^^^I^^^I^Tp) (^^ - ^-1) < ^- (4-2) 



i=l 



Note that wx{x,xq) from ( 14. 2p is independent of xq G M; this value is called 
the generalized if\-variation of x, where <f\{u) = (f{u/X), u G M"*". Since 
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w satisfies on X conditions (i'), (ii) and (iv) (and not (i) in general) from 
definition 12. the quantity d"^ from fl2.4p is only a pseudometric on and, 
in particular, only (i^(a;,x) = holds for x G XJ^ (note that d*^{x,y) was 
denoted by A^(x,?/) in p, equality (4.5)]). 

312. In order to "turn" f l4.ip into a modular, we fix an Xq € M and set 
X = {x : [a, 6] — )■ M I x{a) = xq} C X. We assert that w from (14.1 p is a 
sinci convex modular on X. In fact, given x,y & X and t,s G [a,b] with 
t 7^ s, it follows from (14. ip that 

y d(x(t)+7/(5),x(g)+l/(t)) Y^ 1^ r ^ 

x\r^) — r-'^- 

and so, by the translation invariance of d and the triangle inequality, 

\d{x{t),y{t))-d{x{s),y{s))\ < d{x{t)+y{s),x{s)+y{t)) < 

< Alt-sl^-(^l^). (4.3) 

Now, if we suppose that w\{x,y) = for some A > 0, then for all t G [a,b], 
t ^ s = a, we get (note that x(a) = y{a) = Xq) 

d{x{t),y{t)) = \d{x{t),y{t))-d{x{a),y{a))\<0. 

Thus, x(t) = y(t) for all t G [a, b], and so, x = y as elements of X. 
It is clear for the modular space X^ = X^(xo) that 

X; = X;nX = GV^([a,6];M)nX, (4.4) 

i.e., X G X* iff a; : [a,b] M, x(a) = xq and (14. 2 p holds for some A > 0. 
Moreover, the function from (12. 4p is a metric on X^. 

1313. In this subsection we show that if (M, d, +) is a complete metric 
semigroup (i.e., {M,d) is complete as a metric space), then the modular 
space X^ from (14. 4p is modular complete in the sense of definition 13.41 

Let {x„} C X^ be a w-Cauchy sequence, so that wx{xn,Xm) — )■ as 
n, m — i- oo for some constant A = A({x„}) > 0. Given n, m G N and 
t G [a, 6], t 7^ a, it follows from (14. 3 p with x = x„, y = Xm and s = a that 
(again note that x„(a) = xq for all n eN) 

d{xn{t), Xm{t)) <\{t- a)if 
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This estimate, the modular Cauchy property of {x^}, the continuity of ip~^ 
and the completeness of (M, d, +) imply the existence of an x : [a, b] — )■ M, 
x{a) = xq (and so, x G X), such that the sequence {xn} converges pointwise 
on [a,b] to x, i.e., \imn^ood{xnit),x{t)) = for all t G [a,b]. We assert 
that limn-^oo'W\{xn,x) = 0. By the (sequential) lower semicontinuity of the 
functional wx{-, ■) from (14. ip (cf. js], assertion (4.8) on p. 27]), we get 

Wx{xn, x) <\immfw x{Xn,Xm) for all riEN. (4.5) 

Now, given £ > 0, by the modular Cauchy condition for {xn}, there is an 
no{e) G N such that wx{xn, Xm) < ^ for all n > riQ^e) and m > no(e), and so, 

limsupwA(a;„,Xm) < sup u'a(x„, Xm) < £^ for all n>nQ{e). 

m-^oo r?i>no(e) 

Since the limit inferior does not exceed the limit superior (for any real se- 
quences), it follows from the last displayed line and (14. 5 p that wa(x„, x) < e 
for all n > uq^e), i.e., W\{xn,x) — )• as n — )• oo. Finally, since, by Theo- 
rem [3]T](a), XIj is closed with respect to the modular convergence, we infer 
that X G X^, which was to be proved. 

314. In order to be able to calculate explicitly, for the sake of simplicity 
we assume furthermore that M = M with d{p,q) = |p — g|, p, g G M, and 
the function ip satisfies the Orlicz condition at infinity: ip{u)/u — )■ oo as 
u — 7- oo. In this case the value Wi{x,Q) (cf. (14. 2 p with A = 1) is known 
as the (f-variation of the function x : [a, 6] — )■ M (in the sense of F. Riesz, 
Yu. T. Medvedev and W. Orlicz), the function x with Wi{x, 0) < oo is said to 
be of bounded ip-variation on [a, b], and we have: 

wxix,y) = wxix-y,0) = wi(^^^,Oy A > 0, x,y e X = R^'^^'l (4.6) 

Denote by AC [a, b] the space of all absolutely continuous real valued func- 
tions on [a, b] and by L^[a, b] the space of all (equivalence classes of) Lebesgue 
summable functions on [a,b]. 

The following criterion is known for functions x : [a,b] — )■ M to be in the 
space GV^[a,6] = (for more details see Q, 0, Sections 3, 4], 0, 



Section 2.4], |2l|): x G GV^[a, 6] iff wx{x,0) = Wi{x/X,0) < oo for some 
A = A(x) > (i.e., x/A is of bounded (/^-variation on [a,b]) iff x G AC[a,6] 
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and its derivative x' E L^[a,6] (defined almost everywhere on [a,b]) satisfies 
the condition: 

wx{x,Xo) = wx{x,0) = J ip ^-^-j^^ dt < oo, xo G M. (4.7) 

Given Xq G M, we set X = {x : [a,b] ^ R \ x{a) = Xq}, and so (cf. f l4.4p ). 

= X;(xo) = {x e GY^[a, b] : x{a) = xq}. (4.8) 

Thus, the modular w is strict and convex on X and the modular space (14. 8 p 
is modular complete. Note that X^ is not a linear subspace of GV^[a, 6], 
which is a normed Banach algebra (cf. [3, Theorem 3.6]). 

315. Here we present an example when the metric and modular conver- 
gences coincide. This example is a modification of Example 3.5(c) from jsj. 
We set [a, 6] = [0, 1], M = M and (p{u) = e"-l for u G M+. Clearly, (p satisfies 
the Orlicz condition, but does not satisfy the A2-condition at infinity. 

Given a number a > 0, we define a function x^ '■ [0, 1] — ?■ M by 
Xait) = at{l - \ogt) if 0<t<l and a;„(0) = 0. 
Since x'^{t) = — alogt for < t < 1, by (14. 7p . for any number A > we find 

, > r fwMw , r dt [ ~ if o<A<a, 

I, A — a 

It follows that the modular w can take infinite values (although it is strict) 
and that x^ G = X^(0) for all a > 0. Also, we have: 

dl,{xo,, 0) = inf {A > : wx{xo,, 0) < 1} = 2a. 

Thus, if we set a = a{n) = 1/n and x„ = Xa{n) for n eN, then we find that 
dlj{xn, 0) — as n — > oo and w\{xn, 0) — > as — cx3 for all A > 0, and, in 
accordance with Theorem 13. 2[ these two convergences are equivalent. 

|4l.6. Here we expose an example when the modular convergence is weaker 
than the metric convergence. Let [a,b], M and be as in Example HlS. 

Given < /3 < 1, we define a function x^ : [0, 1] — ?► M as follows: 
x^{t) =t - {t + P)\og{t + f3) + f3 log f3 if /3>0 and 0<t<l 
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and 

Xo{t) = t - tlogt if 0<t<l and Xo(0) = 0. 
Since x'f^{t) = — log(t + /3) for /3 > and t G [0, 1], we have: 

\x'p{t)\ = -\og{t+(3) if < t < 1-/3, and |x^(t)| = log(t+/3) if 1-/3 < t < 1, 

and so, by virtue of (14. 7p . given A > 0, we find 

wx{xp,0)= [ ^{\x'p{t)\/X)dt = h + l2-l, /3>0, 



where 



and 



[' (t + /3)i/^dt = -^((l + /3)(^+i)/^-l) for all A > 0. 
J 1-0 A + 1 V / 



'1-/3 

Also, wxixo, 0) = oo if < A < 1, and wxixo, 0) = 1/(A - 1) if A > 1 (cf. 
Example US with a = 1). Thus, G X; = X;(0) for all < ^ < 1. 

Clearly, x^ converges pointwise on [0, 1] to xq as /3 — > +0 (actually, the 
first inequality in the proof of jsl. Lemma 4.1(a)] shows that the convergence 
is uniform on [0, 1]). 

Now we calculate the values wx{xi3,xo) for A > and (i^(a;/3,xo) and 
invesigate their convergence to zero as /? — )■ +0. Since 

{x^ - so)'(t) = - log(t + /3) + logt for < t < 1, 

we have: 

\{x0-xoy{t)\ log(t + /3)-logt 



A A 
and so, by virtue of (14. 6p and (14 .Tp . 



log 
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If < A < 1, we have 

(l + l)'"^l + 7 and /(l + f)* = oo, 

and so, Wx{xj3, xq) = oo for all < /3 < 1 and < A < 1. 
Now suppose that A > 1. Then 

wx{xp, Xo) = -1 + J (l + j) dt + J^(l + ^ j dt=-l + Ih + Ih, 

where 

Jo ^ t ^ Jo A — 1 

^ 2V^--^^0 as /3^+0 
A — 1 

and 

< y (l + ^)cit = (1 -^) -^log^ ^ 1 as ^^+0. 

It follows that Wx{xj3, Xq) — > as /3 — )■ +0 for all A > 1. 

On the other hand, since ^'^(•'^,3! '"^o) = oo for all < /3 < 1 and < A < 1 
(as noticed above), we get dlj{xfj,Xo) = inf{A > : Wx{xj3,Xo) <!}>!, and 
so, dlj{Xj3,Xo) cannot converge to zero as /3 — )■ +0. 

Thus, if we set (3 = (3{n) = 1/n and Xn = a;^(n) for n e N, then we find 
Xo) T^- as n — >■ oo, whereas wx{xn-i xo) — >■ as n — >■ oo only for A > 1. 

5. A fixed point theorem for modulcir contractions 

Since convex modulars play the central role in this section, we concentrate 
mainly on them. We begin with a characterization of d^-Lipschitz maps on 
the modular space in terms of their generating convex modulars w. 

Theorem 5.1. Let w he a convex modular on X and k > be a con- 
stant. Given a map T : — >■ and x,y & X^, the Lipschitz condition 
dlj{Tx,Ty) < kd*^{x,y) is equivalent to the following: Wkx+o{Tx,Ty) < 1 
for all X > such that wx{x, y) < 1- 
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Proof. First, note that, given c > 0, the function, defined by w\{x,y) = 
Wcx{x,y), A > 0, X, ?/ G X, is also a convex modular on X and dijj = -^(i^: 

d^{x,y) = mf{X>0 : Wc\{x,y)<l} = mf{fi/c>0 : Wf,{x,y)<l} = 

= -dl{x,y) for all x,?/eX^ = X;. (5.1) 
c 

Necessity. We may suppose that x ^ y. For any c > fc, by the assump- 
tion, we find d*^{Tx,Ty) < kdl,{x,y) < cd*^{x,y), whence d*^{Tx,Ty) / c < 
d*^{x,y). It follows that if A > is such that w\{x,y) < 1, then, by (12. 4p . 
d*^{x,y) < A implying, in view of (15. ip . 

A > ^dl,(Tx,Ty) = inf{/i > : Wcf,(Tx,Ty) < 1}, 

and so, Wc\(Tx, Ty) < 1. Passing to the limit as c — >■ + 0, we arrive at the 
desired inequality Wkx+o(Tx,Ty) < 1. 

Sufficiency. By the assumption, the set {A > : wx{x,y) < 1} is con- 
tained in the set {A > : w^y^{Tx,Ty) = Wkx+oiTx,Ty) < 1}, and so, taking 
the infima, by virtue of (12. 4p . (15. ip and the equality d'^+ = rf^, we get 

1 1 
dl,{x,y) > -dl+{Tx,Ty) = -dl{Tx,Ty), 

which implies that T satisfies the Lipschitz condition with constant k. □ 

Theorem 15.11 can be reformulated as follows. Since (cf. [sl. Theorem 3.8(a)] 
and dH), for X* = d*Jx,y), 

(A*,oo) C {A>0 : wxix,y)<l} C {A>0 : Wxix,y)<l} C [A*,oo), 

we have: dl{Tx,Ty) <k dl{x,y) iSwkx{Tx,Ty) < 1 for all A > A* = d;(a;, y). 

For a metric space (X, d) and the modular w from (II. ip on it. Theorem 15. II 
gives the usual Lipschitz condition: d(Tx,Ty)/ (kX) = Wkx{Tx,Ty) < 1 for 
all A > such that d{x,y)/X = wx{x,y) < 1, i.e., d{Tx,Ty) < kX for all 
A > d{x,y), and so, d(Tx,Ty) < kd{x,y). 

As a corollary of Theorem 15. 1| we find that 

ifwkx{Tx,Ty)<wx{x,y) for all A>0, then dl{Tx,Ty) <k dl{x,yy, (5.2) 

in fact, it suffices to note only that if A > is such that wx{x, y) < 1, then, by 
(EH]), Wkx+o{Tx,Ty) < Wkx{Tx,Ty) < wx{x,y) < 1, and apply TheoremEHl 
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Now we briefly comment on c/^-Lipschitz maps on X^, where w is a 
general modular on X and d^j is the metric from fl2.3l) . Note that, given c > 0, 
the function Wx{x, y) = \ Wc\{x^ y) is also a modular on X and d-w = \dw on 
X^ = X^. Following the lines of the proof of Theorem 15 -H we get 

Theorem 5.2. If w is a modular on X and k > 0, given T : X^ — )■ X^ and 

x,y E X^, we have dw{Tx,Ty) < kdw{x,y) iff Wk\+o(Tx,Ty) < kX for all 
A > such that w\{x, y) < X. 

The following assertion is a corollary of Theorem 15.21 

if Wkx(Tx,Ty) <kwx{x,y) for all A>0, then dmiTxyTy) <k dw{x,y). 

Definition 5.1. Given a (convex) modular w on X, a map T : X^ — )■ X^ 

is said to be modular contractive (or a w -contraction) provided there exist 
numbers < A; < 1 and Aq > 0, possibly depending on k, such that 

Wkx(Tx,Ty) < wx{x,y) for all < A < Aq and x,y E X^. (5.3) 

A few remarks are in order. First, by virtue of f ll.ip . for a metric space 
{X,d) condition (15. 3p is equivalent to the usual one: d{Tx,Ty) < kd{x,y). 
Second, condition (15. 3 p is a local one with respect to A as compared to the 
assumption on the left in (15.20 . and the principal inequality in it may be of 
the form oo < oo. Third, if, in addition, w is strict and if we set cxd/oo = 1, 
then (15. 3p is a consequence of the following: there exists a number 0<h<l 
such that 

Whx{Tx,Tyy 



limsup I sup — ^— — < 1, (5.4) 

A^+O \x^y Wx[x,y) J 

where the supremum is taken over all x,y E X^ such that x ^ y. In order 
to see this, we first note that the left hand side in ( 15. 4p is well defined in the 
sense that, by virtue of (is) from definition 12.11 wx{x,y) ^ for all A > 
and X ^ y. Choose any k such that h < k < 1. It follows from (15.41) that 

f Wh\{Tx,Ty)\ , . k 
iim sup sup — < 1 < ^5 

A'^+o Ae(o,M] V^T^y ^x{x,y) J h 

and so, there exists a /io = /io(^) > such that 

Whx{Tx,Ty) k n / \ ^ 

sup r — < — for all U < A < /xq, 

xj^y wx{x,y) h 
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whence 



Whx{Tx,Ty) < -wx{x,y), < A < /io, x,y e X*^. 



Taking into account inequalities (12. 2p and {h/k)X < A, we get 



wx{x,y) < 



{h/k)\ 
A 



h 
k 



u!(h/k)x{x,y), 



which together with the previous inequahty gives: 

Whx{Tx,Ty) < W(h/k)x{x,y) for all < A < /^o and x,y e X^. 

Setting A'= {h/k)X and Xo = {h/k)fio and noting that < A' < Aq and hX = kX', 
the last inequality implies Wkx'iTx,Ty) < wx'{x,y) for all < A' < Aq and 
x,y & X^, which is exactly ( I5.3p . 

The main result of this paper is the following fixed point theorem for 
modular contractions in modular metric spaces X^. 

Theorem 5.3. Let w be a strict convex modular on X such that the modular 
space X^ is w -complete, and T : X^ — )■ X^ be a w -contractive map such that 

for each A>0 there exists anx = x{X)EX^ such that wx{x,Tx) <oo. (5.5) 

Then T has a fixed point, i.e., Tx* = x^, for some G X^. If, in addition, 
the modular w assumes only finite values on X^, then condition (15. 5 P is 
redundant, the fixed point x^, of T is unique and for eachx G X^ the sequence 
of iterates {T^x} is modular convergent to x* . 

Proof. Since w is convex, the following inequality follows by induction from 
condition (iv) of definition 12.11 



where N E N, Xi, X2, ■ . . , Xn G (0, 00) and Xi,X2, . . . ,Xn+i G X. In the 
proof below we will need a variant of this inequality. Let n,m E n > m, 
Xm, Xm+i, • • • , Xn-1 G (0, oo) and Xm, Xm+i, . . . , Xn G X. Setting N = n-m, 



N 



(Ai + A2 H h Xn)wx^+x2+-+\n{^i^ xn+i) < ^ XiWXii^ 



Xi,Xi+i), (5.6) 
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Aj- = \j+m-i for j = 1,2,...,N, x'j = Xj+rn-i for j = 1, 2, . . . , + 1 and 
applying f l5.6p to the primed lambda's and x's, we get: 

n-l 

(Am+A^+lH VXn-l)wx^+\^+^+-+\„^^{Xm,Xn) <^\iWxXXi,Xi+i). (5.7) 

i=m 

By the t/;-contractivity of T, there exist two numbers < < 1 and 
Ao = Ao(A;) > such that condition (15.31) holds. Setting Ai = (1 — A;)Ao, 
the assumption (15.51) implies the existence of an element x = x{\i) G 
such that C = wx^{x,Tx) is finite. We set xi = Tx and Xn = Txn-i for all 
integer n > 2, and so, C and x„ = T"x, where T" designates the 
n-th iterate of T. We are going to show that the sequence {x„} is w-Cauchy. 
Since A;*Ai < Ai < Aq for all i G N, inequality (15. 3 p yields: 

Wk^xA^uXi+i) = Wk(k^-ix^)iTxi-i,Txi) < Wk^-lxJ^{xi-l,Xi), 

and it follows by induction that 

Wk^Xi{xi,Xi+i) < wxi(x,Xi) = C for all i G N. (5.8) 

Let integers n and m be such that n > m. We set 

1 un—m 

A = X(n, m) = A;™Ai + /t'^+^Ai + ■ • ■ + = k"" — Ai. 

I — k 

By virtue of (15. 7p with Aj = A;*Ai and (15. 8p . we find 

n-l ^ .n-l X 

Taking into account that 

^ -y J^n—m 

Ao = > fc"* ; — Ai = X(n, m) = X for all n > m, 

1 — k 1 — k 

and applying (12. 2p . we get: 

WXo{Xm,Xn) < —Wx{Xm,Xn) < /c™— ^ ' C < k'^C aS m OO. 

Ao 1 - A; Aq 
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Thus, the sequence is modular Cauchy, and so, by the w-completeness 
of X^, there exists an x,, G such that 

WXg{Xn,X^)^0 as 72 — )■ OO. 

Since w is strict, by Theorem 13.1( b). the modular limit of the sequence 
{xn} is determined uniquely. 

Let us show that is a fixed point of T, i.e., Tx* = x^,. In fact, by 
property (iii) of definition 12.11 and (15. 3p . we have (note that Tx„ = Xn+i)'- 

U;(fc+i)Ao(Tx*,xJ < Wk\o{Tx^,TXn) + WXo{x*,Xn+l) < 

< wxo{x*,Xn) + wxo{x*,Xn+i) ^ as n -> oo, 

and so, w^k+i)Xo(TX:t:,x^) = 0. By the strictness of w, Tx* = x*. 

Finally, assuming w to be finite valued on X^, we show that the fixed 
point of T is unique. Suppose x*,?/* G are such that Tx* = x* and 
T^y* = y*. Then the convexity of w and inequalities kX^ < Xq and (15. Sp imply 

w^Ao(a;*,2/*) < -^WkXo{x*,y*) = kwkXo{Tx^,Ty^) < kwxo{x^,y^), 

and since WAo(a;*,2/*) is finite, (1 - k)wxa{x*,y^) < 0. Thus, wxo{x*-,y*) = 0, 
and by the strictness of w, we get x^, = y*. The last assertion is clear. □ 

It is to be noted that assumption (15. 5 p in Theorem 15.31 is (probably) 
too strong, and what we actually need for the iterative procedure to work 
in the proof of Theorem 15.31 is only the existence of an x G X^ such that 
W(i-.k)Xo(x,Tx) < oo, where Aq is the constant from (15.31) . 

A standard corollary of Theorem 15.31 is as follows: if w is finite valued 
on X^ and an n-th iterate of T : X^ — )■ X^ satisfies the assumptions of 
Theorem l5.3l then T has a unique fixed point. In fact, by Theorem 15 . 31 applied 
to T", T"x=K = X* for some x* G X^. Since T^{Tx^) = T(T"'x^,) = Tx*, the 
point Tx* is also a fixed point of T", and so, the uniqueness of a fixed point 
of T" implies Tx^: = x*. We infer that x,,, is a unique fixed point of T: if 
y* G X* and Ty^ = y^, then T"|/* = T''~^{Ty^) = T'^'^y^ = . . . = y^, i.e., 
is yet another fixed point of T", and again the uniqueness of a fixed point of 
T"- yields = x*. 

Another corollary of Theorem [5]3] concerns general (nonconvex) modulars 
w on X (cf. Theorem l5.4p . Taking into account Theorem l5.2l and its corollary, 
we have 
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Definition 5.2. Given a modular w on X, a map T : — )■ X^ is said 
to be strongly modular contractive (or a strong w- contraction) if tliere exist 
numbers < /c < 1 and Aq = Xo{k) > such that 

Wkx(Tx,Ty) < kwx{x,y) for all < A < Aq and x,y E X^. (5.9) 

Clearly, condition (15. 9 p implies condition (15. 3p . 

Theorem 5.4. Let w be a strict modular on X such that X^ is w-complete, 
and T : X^ — )■ X^ be a strongly w- contractive map such that condition (15. 5p 
holds. Then T admits a fixed point. If, in addition, w is finite valued on 
X^, then (15. 5p is redundant, the fixed point x^ of T is unique and for each 
X G X^ the sequence of iterates {T"a;} is modular convergent to x^ . 

Proof. We set v\{x,y) = W\{x,y)/X for all A > and x,y E X. It was 
observed in Section [2] that f is a convex modular on X. It is also clear that v 
is strict and the modular space X* = X^ is f-complete. Moreover, condition 
(15.91) for w implies condition (15. 3 p for v, and (15. 5p is satisfied with w replaced 
by V. By Theorem 15.31 applied to X and v, there exists an x=k G X* = X^ 
such that Tx^ = x*. The remaining assertions are obvious. □ 

6. An application of the fixed point theorem 

In this section we present a rather standard application of Theorem 15.31 
to the Caratheodory-type ordinary differential equations. The key interest 
will be in obtaining the inequality (15. 3p . 

Given a convex (/^-function (f on satisfying the Orlicz condition at 
infinity, we denote by L'^[a, b] the Orlicz space of real valued functions on [a, b] 
(cf. [22, Chapter II]), i.e., a function z : [a, 6] — )■ M (or an almost everywhere 
finite valued function z on [a, b]) belongs to L'^[a, b] provided z is measurable 
and p{z/X) < oo for some number A = X{z) > 0, where p{z) = J^^ (p{\z{t)\)dt 
is the classical Orlicz modular. 

Suppose / : [a, 6] X M — )■ M is a (Caratheodory-type) function, which 
satisfies the following two conditions: 

(C.l) for each x G M the function f{-,x) = [t i— t- f{t,x)] is measurable on 
[a, b] and there exists a point yo eM. such that /(■, yo) G L'^[a, b]; 

(C.2) there exists a constant L > such that \f(t,x) — f(t,y)\ < L\x — y\ 
for almost all t G [a,b] and all x,y G M. 
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Given xq G M, we let be the modular space f l4.8p generated by the 
modular w from fl4.ip under the assumptions from Section |114. 

Consider the following integral operator 

{Tx){t) = xo+ [ f{s,x{s))ds, xeX;, te[a,b]. (6.1) 

J a 

Theorem 6.1. Under the assumptions (C.l) and (C.2) the operatorT maps 
into itself, and the following inequality holds in [0,oo]: 

WL{b-a)x{Tx,Ty) < wx{x,y) for all X > and x,y e X^. (6.2) 

Proof. We will apply the Jensen integral inequality with the convex y9-fun- 
ction (f (e.g., [2J, X.5.6]) several times: 



v[^-^j^W)\dt)<-g^j v{.W)\)dt. xel}[a,hl (6.3) 

where the intergral in the right hand side is well defined in the sense that it 
takes values in [0, oo]. 

1. First, we show that T is well defined on X^. Let x G X^, i.e., 
X G GV^[a, h] and x{a) = xq. Since (cf. Section |4l4) x G AC [a, b], by virtue of 
(C.l) and (C.2), the composed function t f{t, x{t)) is measurable on [a, b]. 
Let us prove that this function belongs to L^[a, 6]. By Lebesgue's Theorem, 
x{t) = xq + x'{s)ds for all t G [a, b], and so, (C.2) yields 

\fit,xm < \f(t,xit))-f{t,yo)\ + \fit,yo)\< 

< L\x{t)-yo\ + \f{t,yo)\ < 

<l[ \x'{s)\ds + L\xo-yo\ + \fit,yo)\ (6.4) 



for almost all t G [a,b]. Since x G X^, and so, x G GV^[a, 6], there exists a 
constant Ai = Xi{x) > such that (cf. (14. 7p ) 

Ci = wxj{x,xo) = J — jds <oo, 

and since, by (C.l), /(■, yo) GL'^[a, b], there exists a constant A2 = A2(/(-, yo)) >0 
such that 



^ / I / I /, 7/n I I \ 

dt < 00. 

A2 / 



26 



Setting Ao = L\i{b — a) + 1 + A2 and noting that 

LXi(b-a) 1 A2 

— H h — = : 

Ao Aq Aq 

by the convexity of ip, we find (see (16. 4p ) 



LXi(b—a) 



L 



\x\s)\ds + L\xo - yo\ + |/(t,yo)| 



< 



b—a 



x\s)[ 
Ai 



A, 



ds +—Lp{L\xQ-yQ\) + —Lp 



Ao 



Ao 



l/(-.yo)l 
A, 



and so, (16 ■4p and Jensen's integral inequahty yield 



\f(t,x{t))\\,,^ L\,{b-a) ^ , b-a X. _ 

at < r Ci + ^—(p{L\xo-yo\) + —C2 = Co < 00. 

Aq Aq Aq 

(6.5) 



An 



Now, it follows from (16. 3p that 



1 



,Ao(6 - a) J a 
implying 



\fit,xmdt] 



< 



1 



b — a 



dt < 



b — a 



\f{t,x{t))\dt<Xo{b-a)^-' 



b — a 



< 00. 



Thus, [t h-). f(t,x{t))] E L"'^[a, 6]. As a consequence, the operator T is well 
defined on and, by (16. ip . Tx G AC [a, 6] for all x G X^, which implies 
that the almost everywhere derivative (Tx)' belongs to L^[a,6] and satisfies 



(Tx)'(t) = f(t,x{t)) for almost all t G [a,b]. 



(6.6) 



2. It is clear from (16. ip that, given x G X^, (Tx)(a) = xq, and so, 
Ta; G X = : [a, 6] — 7- M I y(a) = xq}. Now we show that Tx G X^. In fact, 
by virtue of (14. 7p . (16. 6p and (16. 5p . we have 



WXo{Tx,Xo) 



\{Tx)'{t)\ 
An 



dt 



(mxm 

V Ao 



dt < Co, (6.7) 



and so, T maps X^ into itself. 
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3. In order to obtain inequality fl6.2p . let A > and x,y E X^. Taking 
into account (14. 6p . f l4.7p and fl6.6p . we find 

lVL{b-a)\[Tx,Ty) = WL(b^a)x{Tx-Ty,xo) = Lp\ — — — — \dt = 



b 



L{h-a)\ 
\ L{b — a)X J 



Applying (C.2) and Lebesgue's Theorem, we get, for almost all t G [a, b] 
(note that x{a) = y{a) = Xq), 

\f{t,x{t)) - fit, ym < L\x{t) - y{t)\ < L f \{x - y)'{s)\ds, 



and so, by ( 16.3p . the monotonicity of ip, ( 14. 7p and (I4.6p . 

( \fMt))-!{t,vm \ , ( 1 ['' \('^-y)'{s)\ , . ^ 

, 1 /■' ( \(^-y)'(')\ \, 

■ w^A(a;,y). 



h — a 

Now, inequality (16 ■2p follows from ( 16. Sp . □ 

As a corollary of Theorems 15.31 and 16.11 we have 

Theorem 6.2. Under the conditions (C.l) and (C.2), given xq G M, t/ie 
initial value problem 

x'{t) = f{t,x{t)) for almost all t G [a,bi] and x{a) = Xq (6.9) 

admits a solution x G GV^[a, bi] with a < 6i G M such that L{bi — a) < 1. 

Proof. We know from Section |H4 that w is a, strict convex modular on the 
set X = {x : [a, 6i] — )■ M | x{a) = Xq} and that the modular space X^ = 
GV^[a,6i] n X is w-complete. By Theorem 16. ![ the operator T from (16. ip 
maps X^ into itself and is i(7-contractive. Since the inequality Wkx(Tx, Ty) < 
Wx{x,y) with < k = L{bi — a) < 1 holds for all A > 0, in the iterative 
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procedure in the proof of Theorem 15.31 it suffices to choose any x G such 
that wj(x,Tx) < oo for some A > 0. Since (xq)' = 0, by virtue of (16. 7p and 
(16.51) . we find 

wao(Txo,Xo) < Co = ^\ ^ (p{L\xo - ?/o|) + 7^ ^2 < oo 

Ao 

(the constants A2 and C2 being evaluated on the interval [a, &i]) with A = 
Aq = L{bi — a) + 1 + A2, and so, we may set x = xq. Now, by Theorem 15. 3[ 
the integral operator T admits a fixed point: the equality Tx = x on [a, bi] 
for some x G is, by virtue of (16. ip and (16. 6p . equivalent to (16. 9p . □ 



7. Concluding remarks 

[71 1. It is not our intention in this paper to study the properties of 
solutions to (16. 9 p in detail: after Theorem 16.21 on local solutions of (16. 9p has 
been established, the questions of uniqueness, extensions, etc., of solutions 



can be studied following the same pattern as in, e.g., [13|. Theorems 16.11 
and 16.21 are valid (with the same proofs) for mappings x : [a,b] ^ M and 
f : [a,b] X M M satisfying (C.l) and (C.2), where (M, | ■ |) is a refiexive 
Banach space: the details concerning the equality (14. 7p in this case can be 
found in yl-pl. 



[712. In the theory of the Caratheodory differential equations (16. 9p (cf. 
I3I I) the usual assumption on the right hand side is of the form |/(t, x) \ < g{t) 



for almost all t G [a,b] and all x G M, where g G L^[a,6], and the resulting 
solution belongs to AC [a, bi] for some a < bi < b. However, it is known from 



19l II. 8] that L^[a, 6] = |J_^g^L'^[a, 6], where Af is the set of all 93-functions 
satisfying the Orlicz condition at infinity. Also, it follows from ji]. Coro- 
llary 11] that AC[a,6] = [j^p^zj^GV^lajb]. Thus, Theorem 16.21 refiects the 
regularity property of solutions of (16. 9p . Note that, in contrast with functions 
from AC [a, 61, functions x from GV^[a, 6] have the "qualified" modulus of 
continuity (p. Lemma 3.9(a)]): \x{t)—x{s)\ < Cx-cOip{\t—s\) for allt, s G [a,b], 
where Cx = (i^(x,0) and cu^ : — )■ is a subadditive function given by 
^j~'ip{u) = uip~^{l/u) for u > and a;^(+0) = ^(^(O) = 0. 

[713. Theorem 16. II does not refiect all the fiavour of Theorem 15. 3[ namely, 
the locality of condition (15. 3p and the modular convergence of the successive 
approximations of the fixed points, and so, an appropriate example is yet to 
be found; however, one may try to adjust Example 2.15 from [I6] (note that 



Proposition 2.14 from 16| is similar to our assertion (15. 2 p with k = 1) 
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